The particle effective mass is often a challenging concept in solid state physics due to the many different definitions of the effective mass that are routinely used. Also, the most commonly used theoretical definition of the effective mass was derived from the assumption of a parabolic energymomentum realtionship, E(p), and therefore should not be applied to non-parabolic materials. In this paper, we use wave-particle duality to derive a definition of the effective mass and the energy-mass approximation suitable for non-parabolic materials. The new energy-mass relationship can be considered a generalization of Einstein's E = mc 2 suitable for arbitrary E(p) and therefore applicable to solid state materials and devices. We show that the resulting definition of the effective mass seems suitable for non-paraboic solid state materials such as HgCdTe, GaAs, and graphene.
I. INTRODUCTION
The concept of mass has a long history in theoretical physics and philosophy [1] and continues to be hotly debated until today [2] . In particular, in solid state materials many different effective mass definitions are used such as the conductivity, density-of-states, and cyclotron effective mass [3] , [4] . The most commonly used theoretical definition of the effective mass is m = (∂ 2 E/∂p 2 ) −1 , where p = k and k is the crystal momentum [3] , [4] . We show that this definition is only limited to parabolic E(p) relationships while an alternative definition should be used for non-parabolic materials [5] , [6] , [7] .
In this work, we use wave-particle duality by associating a particle with a one-dimensional wave-packet [8] . First, we derive a definition of the effective mass, m, and an approximation for the energy-mass relationship, E(m). Then, we show that the new energy-mass relationship can be considered a generalization of Einstein's E = mc 2 suitable for any dispersion E(p) and therefore applicable to solid state materials and devices. Finally, we apply the definition of the effective mass to nonparabolic solid state materials such as HgCdTe, GaAs, and graphene.
II. EFFECTIVE MASS DEFINITION AND ENERGY-MASS APPROXIMATION
We begin with wave-particle duality by associating a particle with a wave-packet, and the particle velocity with the group velocity of the wave-packet, v g . This approach is commonly used in solid state physics for calculations of the energy-band structure and charge transport properties [3] , [4] . Then based on the semi-classical definition of the particle momentum, the effective mass appears as a proportionality factor between the particle momentum and the group velocity of the wave-packet
Consider a system of particles described by an isotropic energy-momentum relationship E(p). Assume that the this E(p) leads to a solution of the wave equation which can be represented by one-dimensional wave-packets. The group velocity is defined as the velocity of the wavepacket maximum and is usually approximated for onedimensional packets as [8] 
Similarly, we use the traditional one-dimensional approximations for the phase velocity, v p , defined as the velocity of a single phase in the vicinity of the wave-packet maximum and expressed as [8] 
By using definitions of momentum Eq. (1) and group velocity Eq. (2), we obtain the definition of the effective mass, which depends on the particle energy and momentum
This result was previously demonstrated and applied to non-parabolic semiconductors [5] , [7] . From Eq. (1) and Eq. (3), we can derive a relationship between total partical energy, E, and particle effective mass
Note from Eq. (5) that the energy-mass approximation is a function of both group and phase velocities of the corresponding wave packet. This seems like a remarkable relationship between wave and particle properties of matter within the limits of the present assumptions.
Also note that the above expressions (4) and (5) are unique in a sense that no other one-dimensional definition of mass is possible without violating the present assumptions of the wave-particle duality Eq. (1), and approximations for the group and phase velocities Eq. (2) and Eq. (3). On the other hand, it appears that for any given dispersion relationship E(p) , equations (1) - (5) comprise a complete set of equations needed for description of the particle effective mass.
For example, consider a special case of a free relativistic particle described by the energy-momentum relationship
where m 0 is a constant rest-mass. By using this dispersion relationship in Eq. (2), Eq. (3), and Eq. (5), we obtain Einstein's energy-mass relationship
It seems that the new approximation (5) can be considered a generalization of Einstein's energy-mass relationship (6) for an arbitrary isotropic E(p). Therefore, we propose using the effective mass definition Eq. (4) and the energy-mass approximation Eq. (5) for particles with arbitrary E(p) including non-parabolic solid state materials.
III. APPLICATION TO NON-PARABOLIC SOLID STATE MATERIALS
We would like to demostrate that the above definition of the effective mass Eq. (4) and energy-mass approximation Eq. (5) can be successfully applied to carriers in non-parabolic solid state materials.
First, consider the following theoretical definition of the effective mass which is often used in solid state physics [4] , [3] ,
This definition was derived based on the assumption of the constant energy-independent effective mass, and therefore should not be used in non-parabolic E(p), as we demonstrate in the Appendix. On the other hand, the effective mass defined by Eq. (4) was not based on such an assumption and should be suitable for an arbtrary E(p) relationship including non-parabolic solid state materials. The electron kinetic energy in parabolic semiconductors, such as Si and Ge, near the conduction band minimum is approximated similar to the classical free particles E ≃ p 2 /(2m 0 ), where m 0 is assumed to be a constant coefficient. Then, for both the present definition of the effective mass Eq. (4) and the parabolic definition Eq. (7) we obtain
However, the situation is different in non-parabolic materials. Assume that the electron kinetic energy E(p) in non-parabolic isotropic semiconductors, such as HgCdTe and GaAs, can be described using a simplified onedimensional Kane's approximation [5] as
where the non-parabolicity factor, α, and constant mass, m 0 , are considered energy independent coefficients. Applying Eq. (4), we obtain the effective mass in nonparabolic semiconductors which is linearly dependent on energy [7] m = m 0 (1 + 2αE) .
Another example of a non-parabolic semiconductor is a two-dimensional electron gas observed in graphene, which can be described by an isotropic relationship in the vicinity of the Dirac points [9] as E ∼ v f p, where v f is the Fermi velocity. Using this dispersion relationship and definitions of the group and phase velocities Eq. (2) and Eq. (3) leads to v g = v p = v f in graphene. Applying the energy-mass approximation Eq. (5) we obtain
The above linear dependence of the particle effective mass on the momentum was confirmed by cyclotron resonance measurements in graphene [9] . Note that the parabolic effective mass definition Eq. (7) leads to a mathematically divergent expression in graphene. Therefore, we demonstrated that the definition of the effective mass Eq. (4) and the energy-masss approximation Eq. (5) are applicable to isotropic E(p) in nonparabolic solid statematerials such as HgCdTe, GaAs, and graphene.
IV. CONCLUSIONS
In this work, we presented a simple theoretical definition of the effective mass m = p · (∂E/∂p) −1 and the energy-mass approximation E ≃ m v g v p based on the wave-particle duality and semi-classical definition of the particle momentum. The new energy-mass approximation is a function of both group and phase velocities of the associated wave-packet and can be considered a generalization of Einstein's E = mc 2 suitable for any E(p) relationship. It appears that the effective mass Eq. (4) and the energy-mass approximation Eq. (5) can be applied to non-parabolic solid statematerials such as HgCdTe, GaAs, and graphen. Therefore, the effective mass definition and the energy-mass approximation seem suitable for theoretical and experimental studies of particles with arbitrary dispersion relationships E(p) where the waveparticle duality applies.
V. APPENDIX
The parabolic definition of the effective mass Eq. (7) is typically derived assuming an approximate form of Newton's second law [4] , [3] , where the force, F , acting on a particle is approximated as
Note that in (12) an assumption is made that mass is constant and not dependent on energy and time, which is the case for parabolic E(p). Then, using the definition of the group velocity Eq. (2) we obtain
Comparing Eq. (12) and Eq. (13) leads to the traditional parabolic effective mass definition Eq. (7).
Since the approximate form of Newton's second law Eq. (12) is only valid for a parabolic E(p), the resulting effective mass definition should not be used for nonparabolic materials. When mass is energy and time dependent, as in non-parabolic E(p), the following exact form of Newton's second law should be used [10] F = ∂p ∂t = ∂m ∂t v g + m ∂v g ∂t .
It can be shown that using the exact form of Newton's second law Eq. (14) leads to the present effective mass definition Eq. (4).
